The steady motion at zero Reynolds number of a semi-infinite bubble through a fluid-filled, flexible-walled channel, a model for the reopening of a collapsed lung airway, is described using asymptotic and numerical methods. The channel walls are membranes that are supported by external springs and are held under large longitudinal tension. An asymptotic analysis is presented under the assumption that membrane slopes are uniformly small. Near the bubble tip, the flow is equivalent to that of a semi-infinite bubble in a weakly tapered channel. Key features of this two-dimensional flow are matched to long-wavelength approximations describing the remainder of the solution domain. The analysis is valid for a wide range of bubble speeds, and it takes a particularly simple form when the bubble peels apart the channel walls as it advances. Predictions of bubble pressure as a function of bubble speed are validated by comparison with existing computations, new boundary-element simulations describing bubble motion in a channel with one rigid and one deformable wall, and experiments.
I. INTRODUCTION
For many viscous flows involving an advancing free boundary, the speed of propagation is set by local conditions at the advancing boundary. Examples include the slow spreading of a viscous drop over a plane when contact-line dynamics are dominant, [1] [2] [3] the propagation of fluid-filled cracks, 4, 5 and two-phase flow in a confined geometry such as a Hele-Shaw cell. 6, 7 Here we consider an example of such a flow that is of fundamental importance in pulmonary mechanics: the reopening by an air bubble of an initially collapsed, fluid-filled lung airway.
For sufferers of asthma, emphysema, cystic fibrosis and infant or adult respiratory distress syndrome ͑IRDS and ARDS, respectively͒, it is common for small lung airways to become blocked with fluid as a result of surface-tensiondriven instabilities of the airways liquid lining. 8, 9 The airway walls may then collapse as a result of low capillary pressures. Physiologically, this condition is extremely significant, as these obstructed airways must be opened to restore adequate gas exchange. Medical treatment of this problem includes the delivery of surfactant for IRDS, 10 which indicates the importance of the liquid-lining surface tension in this disease. Additionally, for those with ARDS, the medical focus centers on strategies that might reduce ventilatorinduced lung injury of sensitive airway and alveolar epithelial cells. For example, if ventilator settings are not modified when significant airway closure occurs, hyperinflation of open regions of the lung can lead to stretch-induced injury of healthy alveoli. Much attention has recently been placed on this behavior, because clinical studies have shown that a radical decrease in ventilation tidal volumes can significantly reduce mortality of ARDS. 11 Recent studies also suggest that cellular damage might be caused by repetitive closure and reopening that exerts local stresses on airway and alveolar walls, 12 signifying the importance of fluid-structure interactions on this disease.
The airway reopening process can be partially understood through a model problem in which a two-dimensional bubble penetrates a fluid-filled channel, the walls of which are formed by membranes supported by external springs and held under longitudinal tension ͑see Fig. 1͒ . [13] [14] [15] [16] The combination of springs and tension is used to mimic the primary elastic forces in a three-dimensional airway wall; the springs limit transverse wall displacements where the channel is uniformly inflated, a role played by hoop stresses in a cylindrical airway. The viscous fluid that occludes the channel is assumed to be Newtonian with constant viscosity * and constant surface tension ␥*. Experiments show that the steady-state speed of bubble propagation U* is an increasing function of the imposed bubble pressure p b * , but that a threshold ''yield'' bubble pressure must be exceeded for steady bubble propagation to occur. [15] [16] [17] This yield pressure is significant because it determines the pressure necessary to introduce air to obstructed portions of the lung. Theoretical investigations are necessary to help determine whether the reopening process generates stresses that are large enough to result in damage to delicate airway walls.
Numerical solutions of this model problem, obtained using boundary-element 13 and finite-element 14 methods, have identified two steady solution branches ͑shown schematically in Fig. 2͒ , which originate at a saddle-node bifurcation ͑tak-ing p b * as a control parameter͒. The left-hand branch in Fig.  2 represents steady solutions for which p b * decreases as U* increases; for these solutions the channel is widely inflated over a long distance ahead of the bubble, and the bubble pushes ahead of itself a long column of fluid. Bretherton's theory 18 for the slow advance of a bubble in a rigid-walled channel was used in Ref. 13 to show that, along the left branch, p b *ϰU* Ϫ2/3 , provided the capillary number Ca ϭU*/␥* is sufficiently small. The right-hand branch in Fig. 2 corresponds to solutions for which p b * increases with U*, and for which the walls of the inflated section of channel have a higher taper angle and the bubble is more pointed; this case is suggestive of a 'peeling' motion. The same general behavior is seen at both zero 13 and nonzero 14 Reynolds numbers. Experimental evidence [15] [16] [17] suggests that the left branch is unstable to perturbations at constant p b * , and the right branch stable.
In this paper we have two aims. First, we present an asymptotic description of both steady solution branches ͑identified in Ref. 13͒ that is not subject to the usual restriction CaӶ1. Instead, the analysis developed below relies on the assumption that the membrane tension is large, so that the membrane slope is uniformly small. The asymptotic approximation will be shown to agree well with existing numerical predictions 13 at zero Reynolds number even when CaϭO(1). Particularly simple predictions of the p b *ϪU* relationship arise when the channel is widely inflated and the bubble advances with a peeling motion, characteristic of that identified by McEwan and Taylor. 19 Second, since this theoretical model for airway reopening has not hitherto been compared quantitatively to experiment, we compare new computational results and asymptotic predictions against experimental data 16 for a system in which a bubble advances into a channel formed by a rigid wall and a deformable wall, an asymmetric configuration shown in Fig. 9 .
The inspiration for the asymptotic analysis comes in part from Ruschak, 20 who showed how roll-coating flows involving a meniscus between two closely spaced cylinders may be treated by combined asymptotic and numerical methods. The key observation, originally due to Taylor, 21 is that the flow may be treated using lubrication theory everywhere except in a neighborhood of the meniscus tip, a region having length comparable to the local gap width, in which the full twodimensional Stokes equations must be solved. In both Ruschak's problem and the present case, the walls are locally almost parallel in this inner region, which simplifies the calculation, reducing it at leading order to the widely studied ''Bretherton'' problem of a semi-infinite bubble advancing into a parallel-sided fluid-filled channel at zero Reynolds number. A numerical approach to this problem is demanded unless the capillary number is vanishingly small; 6,18 the numerical results of Ruschak 20 and others [22] [23] [24] for this inner problem will be exploited here, as will Ruschak's overall asymptotic approach ͑which has been validated for the rollcoating problem 25 ͒. However, for our asymptotic approximation to be valid to the required order, we must extend Ruschak's approach by accounting explicitly for the leadingorder effects of channel taper in the neighborhood of the bubble tip; to do so, we exploit computational results obtained elsewhere 26 for the Bretherton problem in a tapered channel.
This paper is organized as follows. The model for the symmetric flow configuration of Fig. 1 is presented in Sec. II; the asymptotic theory is formulated in Sec. III, and a further approximation appropriate to peeling motion is described in Sec. IV; the asymptotic predictions are tested against existing simulation in Sec. V; asymptotics, new boundary-element results, and experimental data for the asymmetric flow configuration of Fig. 9 are compared in Sec. VI; and the results are discussed in Sec. VII. In three appendices we provide an interpretation of peeling as an integral force balance, some important regression formulas, and details of the asymptotics for the asymmetric flow. 
II. STATEMENT OF THE FULL REOPENING PROBLEM
We treat here the model presented previously 13 and illustrated in Fig. 1 . A channel is formed by two membranes held under large longitudinal tension * and supported by springs with spring constant ⌫*. Within the channel is fluid of viscosity *; inertial and gravitational effects are assumed to be negligible. A semi-infinite bubble, held at constant pressure p b * , is blown into the channel and it advances along the channel's midline with steady speed U* relative to the channel. The flow is assumed to be uniform in the spanwise direction, and symmetric about the channel's midline. The surface tension of the air-liquid interface is ␥*, assumed uniform. Far ahead of the bubble tip, the fluid-filled channel has width 2H*, the springs are unstressed and the fluid is at rest relative to the channel walls. Far behind the bubble tip, the springs are compressed and a uniform liquid film of thickness H* sits on each of the channel walls; here too the liquid is at rest with respect to the channel walls.
To nondimensionalize the problem, lengths are scaled on H*, pressures on ␥*/H*, and velocities on U*, following Ref. 13 In the frame of the moving bubble, we introduce Cartesian coordinates (x,y) with their origin at the bubble tip ͑Fig. 1͒, so that the upper wall of the channel lies along yϭh(x) and the air-liquid interface lies along yϭ f (x) in xр0, where f (0)ϭ0. The x axis lies along the midline of the channel. Within the region occupied by fluid, the velocity field uϭ(u,v), the stress tensor , and the pressure p satisfy the Stokes equations ٌ"uϭ0, ͑1a͒
ٌ"ϭ0, ͑1b͒
Symmetry requires that u y ϭ0 and vϭ0 along yϭ0 in x Ͼ0.
The air-liquid interface yϭ f is a streamline, is free of tangential stress, and the normal-stress jump is balanced by surface tension, so that here u"nϭ0, ͑2a͒
where nϭ( f x ,Ϫ1)/(1ϩ f x 2 ) 1/2 is the unit normal along y ϭ f pointing out of the fluid and ϭ f xx /(1ϩ f x 2 ) 3/2 is the interfacial curvature.
As in Ref. 13 , the channel wall is assumed to be a membrane that moves normal to itself in the laboratory frame and tangential to itself in the moving frame, and the normal stress at the wall is balanced by the elastic forces due to the springs and wall tension. Thus, along yϭh(x), which has unit normal mϭ(Ϫh x ,1)/(1ϩh x 2 )
1/2
, we have
Ϫm""mϭ⌫
It is assumed that the springs may slide freely in the x direction so that they always remain vertical. ͑Heil 14 has shown that the precise choice of wall model has only a modest qualitative effect on the overall behavior for this twodimensional problem.͒ We restrict attention here to the limit in which the mean dimensionless wall tension is large, assuming that small variations in wall tension arising from tangential viscous stresses may be neglected. 13 We therefore ignore the tangential-stress boundary condition along the membrane.
In the bubble-tip frame of reference, far ahead of the bubble ͑as x→ϱ͒, where the channel is collapsed, u→͑Ϫ1,0͒, for 0рyрh, ͑4a͒
h→1, ͑4b͒
and far behind the bubble ͑as x→Ϫϱ), where the channel is inflated, u→͑Ϫ1,0͒, for f рyрh, ͑5a͒
In steady state, there is a uniform volume flux of fluid,
in the x direction throughout the entire flow domain ͑defining f ϵ0 in xϾ0 for convenience͒.
III. AN ASYMPTOTIC APPROXIMATION FOR LARGE WALL TENSION
We seek an asymptotic solution of ͑1͒-͑6͒ when the membrane tension is large, so that the membrane slope is uniformly small. To motivate the analysis, we first identify ͑in Sec. III A͒ the dominant scalings of the flow when the bubble advances with a peeling motion ͑as sketched in Fig.  2͒ , i.e., when the springs are weak enough for the inflated section of the channel to be substantially wider than the fluid-filled-section. These scaling predictions are supported by a more formal analysis in Secs. III B-III F and IV.
A. Leading-order scalings for peeling motion
The asymptotic approximation is constructed by splitting the solution domain into the three regions illustrated in Fig.  3 .
In region I, the channel is inflated by the bubble, and the fluid layer sits passively on the channel wall. Here the channel has approximate width p b /⌫ӷ1 ͓from 5͑b͔͒, and its approximate length (/⌫) 1/2 ӷ1 is controlled by a balance of tension and spring forces ͓see 3͑b͔͒. This implies that the peeling angle ⍜ near the bubble tip ͑see Fig. 3͒ is
We expect ⍜ to be small when the membrane tension is large.
Region II, the neighborhood of the bubble tip, has O(1) length and width, and here the flow is inherently two dimensional. However, since ͑by assumption͒ the local membrane slope is small ͑⍜Ӷ1͒, the leading-order flow in region II is equivalent to that of a bubble advancing into a parallel-sided channel, the so-called ''Bretherton'' problem. 18 It is well known from numerical and asymptotic studies of this problem 20, [22] [23] [24] 27, 28 how the thickness of the film deposited behind the advancing bubble depends on the capillary number Ca. In effect, the flow here acts as a low-Reynolds number valve that determines the flow rate of the entire system. The small slope of the channel walls in this region does not affect the flow at leading order.
In region III, membrane tension, viscosity, and elastic forces determine the force required to pull the channel walls apart. We define the characteristic length of this region as 1/⑀, where ⑀Ӷ1 may be determined as follows. If wall tension controls the pressure distribution ͑spring forces being relatively weak͒, then ⌫Ӷ⑀ .
͑7͒
This gives a second estimate of the peeling angle at the bubble tip, namely ⍜ϭO͓(Ca/) 1/3 ͔, and shows that the fluid pressure in this region is of magnitude p III ϳ 1/3 Ca 2/3 . Matching the two estimates of peeling angle ⍜ from regions I and III gives an initial estimate of the bubble pressure,
where here ''ϳ'' means ''scales like.'' Evidence supporting ͑8͒, which is valid when ⑀Ӷ1 and ⌫Ӷ⑀ 2 , i.e., for
ӶCaӶ, is provided immediately by experimental observations. [15] [16] [17] 29, 30 In dimensional terms, ͑8͒ gives p b * ϳ⌫*
, which is independent of H*, as seen in experiments; 15, 17 this is associated with the peeling of membranes stuck together with vanishingly small fluid volumes. Further, if p b * is scaled with the width of the inflated channel (D*ϳ p b */⌫*) rather than H*, then p b */(␥*/D*)
, which is independent of ⌫*, only weakly dependent on wall tension and an increasing function of Ca, again as observed experimentally. 16, 17 More detailed quantitative comparisons with experiment will be made in Sec. VI below.
The condition of wall tension dominating spring stiffness in region III, ⌫Ӷ⑀ 2 , is equivalent to ␦Ӷ1, where
. ͑9͒
Thus, in peeling motion, the fluid pressure p III is substantially greater in magnitude than the bubble pressure. This is contrary to scaling arguments presented in Ref. 13 , which took no account of matching peeling angles, but is supported by numerical results. 13, 14 As we show below, it is the very low fluid pressure p III that holds together the membranes, and that provides the dominant resistance to reopening. An alternative view of peeling motion in terms of an integral force balance is given in Appendix A, where it is shown that the total imposed axial force due to inflating the bubble is balanced entirely within region I.
In contrast, the limit ␦ ӷ1 corresponds to ''pushing motion'' ͑Fig. 2͒, for which Ca→0 and for which spring forces are dominant over membrane tension; this limit was treated in detail previously.
13

B. Asymptotic analysis
We now proceed with a formal analysis, by deriving the leading-order problems in the three regions illustrated in Fig.  3 ͑in Secs. III C-III E͒, and then showing how the solutions in each region may be matched together ͑Sec. III F͒, yielding the nonlinear eigenvalue problem given in ͑22͒ and ͑33͒.
The full problem as stated in Sec. II has three independent parameters: Ca, , and ⌫. It is convenient to reformulate the problem in terms of ⑀, ␦, and Ca ͓see ͑7͒ and ͑9͔͒ before constructing matched asymptotic expansions, taking ⑀Ӷ1 as the perturbation parameter and assuming that ␦ and Ca are both O(1). The special case in which ⑀Ӷ1 and ␦Ӷ1, which gives the leading-order prediction ͑8͒, is treated in Sec. IV. The limit ⑀Ӷ1 corresponds physically to the assumption that the membrane slope is uniformly small. We therefore assume that at leading order the channel width varies everywhere on a long O(1/⑀) length scale, with small corrections arising in region II that vary over an O(1) length scale. Thus we set
xϭX/⑀. ͑10b͒ We assume that all flow variables depend on x in the inner region II, and on X in the outer regions I and III, so that ĥ vanishes in regions I and III. We will match regions I and II by taking the limits X→0Ϫ and x→Ϫϱ, and regions II and III via the limits X→0ϩ and x→ϱ. We have anticipated that the correction ĥ in ͑10͒ is given by a balance in region II between viscous stresses, of O͑Ca͒, and membrane tension, of O͑͒ ͓see ͑1͒ and ͑3b͔͒, leading to h perturbations of magnitude O(Ca/)ϭO(⑀ 3 ). We proceed by recasting the governing equations ͑1͒-͑6͒ in terms of ⑀, Ca, and ␦, scaling the fluid pressure on p III and the bubble pressure on the estimate ͑8͒, so that p͑x,y ͒ϭ͑ Ca/⑀ ͒P͑ x,y ͒, ͑11a͒
Thus in the fluid, ͑1͒ and ͑6͒ become ٌ"uϭ0, ͑12a͒
with u y ϭvϭ0 on yϭ0 for xϾ0. On yϭ f , in xϽ0, ͑2͒ becomes u"nϭ0, ͑13a͒
PϪ2⑀n"e"nϭ͑⑀/Ca͒ϩ␦ P b , ͑13b͒
t"e"nϭ0, ͑13c͒
where n and are as defined in Sec. II, tϭ(1,f x )/(1 ϩ f x 2 ) 1/2 is the unit tangent, and eϭ
ϩO(⑀ 4 ), and ͑3͒ becomes
PϪ2⑀m"e"mϭ␦
where the small terms on the right-hand-sides of ͑14a͒ and ͑14͒ involve H and ĥ alone. The farfield conditions ͑4͒ and ͑5͒ imply u→͑Ϫ1,0͒, H→1,
C. Region I: The inflated channel
In the outer region in XϽ0, we set Pϭ P 0 ϩ⑀ P 1
, assuming all variables depend on X. Thus taking f ϭ f (X) implies that n ϭ(⑀ f X ,Ϫ1)ϩO(⑀ 2 ) and ϭO(⑀ 2 ). At leading order, ͑10͒, ͑12͒, ͑14͒ in XϽ0 imply that ٌP 0 ϭ0 with P 0 ϭ␦ P b and
with H→1ϩ( P b /␦) as X→Ϫϱ. Thus, in terms of h b ϵH(0),
so that as X→0Ϫ,
All equations are satisfied up to the next two orders in ⑀ by uϭ(Ϫ1,Ϫ⑀H X )ϩO(⑀ 2 ), P 1 ϭ P 2 ϭ0, f ϭHϪ1. Thus with error O(⑀ 2 ), the fluid sits passively on the membrane as a uniform film of unit thickness, and the membrane shape is controlled by a balance between wall tension and the springs.
D. Region III: The fluid-filled channel
In the outer region in XϾ0, we again assume all variables depend on X, which is equivalent to making a lubrication-theory approximation. The mass and momentum equations ͑12b͒ and ͑12c͒ become, with error O(⑀ 2 ), 0ϭϪP X ϩu yy , ͑20a͒
with u y (X,0)ϭ0, u(X,H)ϭϪ1ϩO(⑀ 2 ), and
The velocity field is readily found to be uϭϪ1Ϫ 
E. Region II: The bubble tip
Near the bubble tip, where xϭO(1), we set Pϭ␦ P b ϩ⑀ P (x,y), taking P and u(x,y) to be O(1), so that ͑14b͒ at leading order gives ͑17͒, showing that the leading-order wall shape is governed by the same balance as in region I. From Sec. III A, we expect the wall slope to be continuous across region II, so that ͑19͒ implies
throughout region II. Thus, locally the channel walls are flat but slightly tilted. Equations ͑12a͒-͑12c͒ become, up to O(⑀ 2 ),
for f рyрh b Ϫ⑀x ͑where f ϵ0 in xϾ0͒, with u y ϭvϭ0 on yϭ0 in xϾ0. On the bubble interface, ͑13͒ becomes u"nϭ0, ͑25a͒
P Ϫ2n"e"nϭ͑/Ca͒, ͑25b͒
t"e"nϭ0, ͑25c͒
where and n are again as defined in Sec. II. On the channel wall, yϭh b Ϫ⑀xϩO(⑀ 2 ), ͑14͒ becomes uϭ͑Ϫ1,Ϫ⑀͒ϩO͑⑀ 2 ͒, ͑26a͒
where mϭ(Ϫ⑀,1)ϩO(⑀ 2 ). The normal stress condition ͑26b͒ can be used to determine flow-induced perturbations to the uniform height, but these perturbations are weak ͓O(⑀ 3 ), as in ͑10͔͒ and can henceforth be neglected.
The channel width at the bubble tip, h b , can be scaled out of ͑24͒-͑26͒ under the transformation xϭh b x, û ϭû ,
for fрỹ р1Ϫ⑀x , subject to ũ"nϭ0, ͑28a͒
P Ϫ2n"ẽ"nϭ͑ /Ca͒, ͑28b͒ t"ẽ"nϭ0, ͑28c͒
on the bubble interface and ũϭ͑Ϫ1,Ϫ⑀͒, on ỹ ϭ1Ϫ⑀x . ͑29͒
The flow governed by ͑27͒-͑29͒ is sketched in Fig. 4 . It corresponds to a semi-infinite bubble advancing into a uniformly convergent channel. A uniform film of thickness ͑Ca, ⑀͒ is deposited on the channel wall as x →Ϫϱ, where f→1Ϫ⑀x Ϫ, ͑30a͒
ũ→͑Ϫ1,Ϫ⑀͒. ͑30b͒
From ͑27c͒, we must have ϭ1/h b . Far ahead of the bubble tip, as x →ϱ, lubrication theory predicts a velocity profile uϭϪ1Ϫ P x (h 2 Ϫỹ 2 ), where h ϵ1Ϫ⑀x . Since the flux here is also Ϫ, this requires that P x ϭ3(Ϫh )/h 3 . Thus, the pressure distribution as x →ϱ is
for some P(Ca,⑀)Ͻ0, which represents the pressure jump across region II arising from viscous and capillary forces, 6, 18, 20, 21 as illustrated in Fig. 4͑b͒ . Taking the limit ⑀→0, the problem ͑27͒-͑31͒ reduces to the planar Bretherton problem, i.e., a semi-infinite bubble entering a parallel-sided channel of unit width. The quantities 0 (Ca)ϭ(Ca,0), P 0 (Ca)ϭP(Ca,0) have been computed numerically by numerous authors over a wide range of capillary numbers; both quantities are plotted in Fig. 5 . For Ca→0, 0 (Ca)ϳ1.337 Ca 2/3 and Ca P 0 (Ca)ϳϪ1.0 Ϫ3.80 Ca 2/3 ͑see Refs. 6, 18, 24͒. Regression formulas for 0 and P 0 , taken from numerical studies 20, [22] [23] [24] are given in ͑B1͒ and ͑B2͒.
Both ͑Ca,⑀͒ and P͑Ca,⑀͒ have recently been computed 26 for a bubble advancing into a convergent channel over a wide range of taper angles ⑀ and capillary numbers Ca. For our purposes it is sufficient to know only the leading-order effects of taper on the deposited film thickness, which is expressed as the quantity 1 in the expansion
P͑Ca,⑀͒ϭP 0 ͑ Ca͒ϩO͑⑀ ͒. ͑32b͒
Here 1 (Ca) is plotted in Fig. 5͑a͒ and a regression formula is given in ͑B3a͒; note that 1 and 0 have the same asymptote as Ca→0. For 0ϽCaՇ10.74, very weak taper increases slightly the thickness of the deposited film. However, for larger values of Ca, or for larger taper angles ͓represented by neglected terms in ͑32a͔͒, the deposited film thickness can be significantly reduced by channel taper. 
F. Matching
To match regions I and II, we rewrite the outer limit of region II ͑30͒ in terms of outer variables, so that with error O(⑀ 2 ), f ϳh b ϪXϪh b and u 0 ϳ(Ϫ1,Ϫ⑀) as x→Ϫϱ. As we have seen already, h b ϭ1, ensuring a match with the limit X→0Ϫ in Sec. III C. Thus, with error O(⑀ 2 ), continuity of mass demands that
The slope of the membrane ͓see ͑19͔͒ must be continuous across region II, so that, with error O(⑀ 2 ), it is
The curvature of the membrane jumps across region II because of a rapid variation of pressure. We match regions II and III to determine a condition on H XX (0ϩ), which, with ͑33a͒ and ͑33b͒, will provide boundary conditions for ͑22͒ as X→0ϩ. The pressure in region II as x→ϱ, given ͑31͒ is, in terms of outer variables,
so as X→0ϩ we have, with error O(⑀ 2 ), using ͑21͒,
Finally, in ͑33a͒-͑33c͒ the quantity , to O(⑀ 2 ), satisfies ͑32a͒, i.e.,
has a two-parameter family of solutions. The three boundary conditions in ͑33͒ can only be satisfied for certain values of P b . This is therefore a nonlinear eigenvalue problem for P b , dependent on the three parameters ͑⑀, ␦, Ca͒, accurate up to O(⑀) in the limit ⑀→0, with ␦ and Ca both O (1) . This problem can be solved numerically using finite differences and Newton's method; results are presented in Sec. V. First, however, we show how the dependence on parameters, and the structure of the solution, simplifies substantially in the limit ␦Ӷ1.
IV. REOPENING AS A PEELING MOTION
The eigenvalue problem ͑22͒, ͑33͒ was derived assuming that membrane slopes are uniformly small ͑⑀Ӷ1͒, but allowing the spring parameter ␦ to be O (1) . We now make the further, quite realistic, assumption that the springs are weak so that the bubble inflates to a width much greater than the thickness of the undisturbed fluid layer far ahead of the bubble, which corresponds to taking ␦Ӷ1 ͑Sec. III A͒. In this case, ͑22͒, ͑33͒ can be simplified by expanding as follows:
For ͑34͒ to be strictly asymptotic, we require ⑀ 2 Ӷ␦Ӷ1, and so for convenience we assume that ⑀ϳ␦Ӷ1. We show here how the scaling for peeling motion given in ͑8͒ is justified, yielding the refined asymptotic prediction ͑46͒.
A. The leading-order problem
The leading-order problem to be solved is ͓from ͑22͔͒
subject to ͓from ͑33͔͒
For X→ϱ, solutions of the Landau-Levich 31 equation ͑35͒ may be written as . shoot with X decreasing until H 0XX ϭ0 at some point, which may then be shifted to the origin. It is thereby straightforward to construct the one-parameter family of solutions of ͑35͒ for which H 0XX (0)ϭ0; these are shown in Figs. 6͑a͒ and 6͑b͒. The correspondence between H 0 (0) and H 0X (0) is shown in Fig. 6͑d͒ . Note that the minimum film thickness in XϾ0 is never much smaller than 1 ͓Fig. 6͑a͔͒, although the pressure minimum may be large ͓Fig. 6͑b͔͒. To solve ͑35͒, ͑36͒ for a given Ca, we find 0 using ͑B1͒, H 0 (0) using ͑36a͒, and hence determine the scaled peeling angle ϪH 0X (0)ϭ␤(Ca), say. Equation ͑36b͒ then gives a leading-order expression for the bubble pressure:
Here ␤ is plotted as a function of the capillary number in Fig.  6͑c͒ , and a regression formula for ␤ is given in ͑B3b͒ below; ␤ provides the O(1) coefficient in ͑8͒ that could not be determined by scaling alone.
B. First-order corrections
To obtain the O(⑀) and O(␦) corrections to ͑8͒, we return to the expansion ͑34͒ of ͑22͒, ͑33͒, which yields two linear problems:
subject to
We proceed by noting that the elastic term in ͑22͒ does not arise at this order, so we need only consider solutions of ͑35͒. Typical solutions are shown in Fig. 6͑a͒ . Extended into X Ͻ0, these constitute all possible solutions of ͑35͒; they form a two-parameter family, parametrized by a downstream amplitude ͑␣͒ and a translation in X (X 0 ), as indicated by ͑37͒. Since, for fixed Ca, we are linearizing about a particular solution H 0 (X;X 0 ,␣ 0 ), we seek a solution of ͑39͒ in the form
for iϭ1,2, where, for ␦XӶ1, ␦␣Ӷ1, from ͑36͒,
H 0X ͑ 0;X 0 ,␣ 0 ͒ϭϪ␤͑ Ca͒, ͑41b͒
We may then write Given ͑41͒ and the fact that H 0X␣ (0;X 0 ,␣)/H 0␣ (0;X 0 ,␣) ϭdH 0X (0)/dH 0 (0) ͓a function plotted in Fig. 6͑d͔͒ , we obtain from ͑35͒, ͑41͒, ͑42͒,
͑see Fig. 7͒ , a regression formula for which is given in ͑B3c͒, we can use ͑40͒, ͑43͒ to give
Thus ͑34b͒ becomes
where 0 , P 0 , 1 , ␤ and are given approximately by ͑B1͒-͑B3͒. The initial prediction ͑8͒ may therefore be refined as follows:
Equations ͑45͒, ͑46͒ are valid for ⑀ 2 Ӷ␦Ӷ1, and the dominant error is O(⑀ 2 ).
V. COMPARISON WITH EXISTING NUMERICAL SIMULATIONS
The asymptotic prediction ͑45͒, including the O(⑀) and O(␦) corrections, when written in terms of the original variables in ͑46͒, shows clearly how there are three distinct contributions to the bubble pressure when the wall tension is large ͑⑀Ӷ1͒ and the springs are weak ͑␦Ӷ1͒. The dominant contribution ( P b ϳ␤) comes from the viscous peeling forces in region III. The two further contributions are an O(␦) correction due to the presence of the springs, and an O(⑀) correction due partly to the viscous capillary pressure drop across the bubble tip ͓region II, Fig. 4͑b͔͒ , and partly to the effects of channel taper near the bubble tip. This prediction approximates solutions of the full nonlinear eigenvalue problem ͑22͒, ͑33͒. Figure 8 shows a comparison between ͑46͒, numerical solutions of ͑22͒, ͑33͒, and computational simulations of the reopening problem. 13 There is excellent quantitative agreement between ͑22͒, ͑33͒ and the simulations near the turning point on each curve. The asymptotic predictions underestimate p b slightly as Ca increases, which is because the smallslope parameter ⑀ increases with Ca ͑⑀ rises toward 0.3 at the right-hand end of the uppermost curve͒. Large values of are required for ⑀ϭ(Ca/) 1/3 to be small, and so for the parameter values used here inclusion of the O(⑀) terms in ͑22͒, ͑33͒ makes a substantial difference to the accuracy of the asymptotic predictions. The explicit prediction ͑46͒ agrees well with both other datasets on the right-hand branch of each curve, but fails to capture the turning point accurately because ␦ is not small along the left-hand solution branch. The small difference between ͑46͒ and ͑22͒, ͑33͒ for larger Ca arises because the former represents an expansion of the latter in ⑀ and ␦; the fact that ͑46͒ lies closer to the simulations is therefore fortuitous.
VI. COMPARISON WITH EXPERIMENT
We now turn to a quantitative comparison of the theoretical model with the experiments of Perun and Gaver, 16 who explored the reopening problem using Newtonian lining fluid in a planar geometry in which one membrane was bound to a plane surface and the other was confined by a layer of foam that acted like a set of linear springs ͑Fig. 9͒. Let H* now be the thickness of the channel when undisturbed, and let lengths be scaled on H*, pressures on ␥*/H*, and velocities on U*. The primary difference between the resulting problem and that described in Sec. II ͑for the symmetric configuration on Fig. 1͒ is that the no-slip condition must be applied along yϭ0 instead of a symmetry condition. In what follows, we assume that the liquid layer separates symmetrically between the flexible membrane and the rigid wall, so that the film thicknesses on the rigid wall and on the membrane as x→Ϫϱ are both Modest adaptions to the asymptotic analysis, appropriate to this new geometry, are described in Appendix C. We also conducted new boundary-element simulations with experimental parameter values, using techniques outlined in Sec. VI A. Direct comparisons between computation, asymptotics, and experimental data are presented in Sec. VI B.
A. Boundary-element calculations
Computational simulations of the steady-state reopening of the asymmetric system shown in Fig. 9 follow the methods described in Ref. 13 . Within the computational domain, which includes the bubble tip ͑region II͒ and extends into regions I and III to either side, the Stokes equations ͑1͒ are solved using a boundary-element method subject to kinematic and interfacial stress conditions ͑2͒ at the air-liquid interface and ͑3͒ at the flexible membrane. Along the rigid wall yϭ0, uϭ(Ϫ1,0). End conditions for the computational domain are provided by upstream and downstream regions ͑within regions I and III͒, where the lubrication approximation is assumed to hold. For example, in region I, the pressure gradient within the liquid layer along the membrane is given by
where H is the thickness of the deposited film; likewise ͑C1͒ describes the pressure gradient in region III.
To identify a steady-state solution, an initial domain shape is assumed. For a specified Ca, the bubble pressure, meniscus, and wall positions are iterated sequentially using Newton's method so as to simultaneously satisfy ͑2a͒ along the interface and the wall stress condition ͑3b͒ at the flexible membrane. Iterations are continued until ͑2b͒, ͑3a͒ are met to a specified tolerance. Figure 10 shows examples of the membrane and bubble shape for increasing Ca obtained numerically, demonstrating how the region of channel that is inflated ahead of the bubble tip diminishes as Ca increases, while the membrane slope at the bubble tip rises sharply. The corresponding stresses on the membrane are shown in Fig. 11 . Both normal and tangential stresses grow rapidly in magnitude as Ca increases, although the large inward normal stress ahead of the bubble tip is significantly greater in magnitude than any tangential stress.
B. Direct comparison
The p b ϪCa relation obtained by simulation is compared with experimental data 16 in Fig. 12 . Despite numerous approximations in the theoretical model, the full simulation shows good agreement with experiment over a wide range of Ca. The simulation predicts a turning point in the p b ϪCa curve near CaϷ0.15, p b Ϸ3.46 for these parameter values, well below the lowest values of Ca investigated in the experiments. The computations slightly underestimate experimental results at large Ca; this may arise partly through inertial effects, which can lead to elevated reopening pressures, even at moderate Reynolds numbers. 14 Also shown in Fig. 12 is the corresponding asymptotic prediction computed using ͑22͒, ͑C6͒, valid for ⑀Ӷ1, ␦ ϭO (1) 
VII. DISCUSSION
Using new boundary-element simulations, we have demonstrated that a theoretical model representing the steady motion of a semi-infinite bubble in a flexible-walled channel can accurately reproduce experimental observations over a wide range of capillary numbers ͑Fig. 12͒. We have also developed a rational asymptotic approximation for this model that agrees closely with both experiment and simulation over a substantial range of Ca, for bubble motion in both a symmetric ͑Fig. 8͒ and an asymmetric channel ͑Fig. 12͒.
The asymptotic approximation involves two parameters, ⑀ and ␦, defined in ͑7͒, ͑9͒. The limit ⑀Ӷ1 corresponds to large membrane tension and small membrane slope. When has shown that the effects of strong taper have significant and unexpected effects that are not captured by 1 . Whereas for small taper angles the film thickness deposited behind an advancing bubble increases slightly with channel slope ͓since 1 Ͼ0 in ͑32a͒ for 0ϽCaՇ10.74; see Fig. 5͑a͔͒ , at large Ca the film thickness falls substantially as the taper angle increases. This finite-slope effect, if included in our model, would bring the asymptotic prediction closer to the computations. While the effects of the other finite-slope corrections have not been investigated, this observation suggests that channel taper near the bubble tip has a significant influence on bubble pressures in rapid peeling motion.
The asymptotic model can be readily adapted to other geometries and flow conditions. The regression formulas presented in Appendix B enable simple predictions to be made of a wide class of peeling motions, for example. The asymptotic model has recently been extended to incorporate unsteady effects, 32 to verify the expected stability properties of the two solution branches in Fig. 2 and to reproduce the transient pressure fluctuations during the initiation of airway reopening that have been observed experimentally. 15, 16 The asymptotic analysis may also be useful for future investigations of the fingering and elastic instabilities that have been observed experimentally in this problem 15, 17, 29 and in closely related problems involving peeling 19 and roll coating. [33] [34] [35] The slight tilt of the walls in the neighborhood of the interface has a slight stabilizing influence on potential fingering instabilities, 33 but roll-coating computations, 20, 36 relating the critical capillary numbers above which a planar meniscus becomes unstable to the local peeling angle, suggest that the experiments are all in a strongly supercritical ͑i.e., unstable͒ regime. However, the close agreement between twodimensional ͑2D͒ computations and experiment ͑Fig. 12͒ suggests that fingering instabilities may not have a significant effect on reopening pressures.
In peeling motion, with (
ӶCaӶ, the asymptotic analysis gives a leading-order relationship between the speed of advance of the bubble and the dynamic peeling angle ͑denoted ⌰ in Fig. 3͒ in the form
where ␤ is given by ͑B3b͒ ͓see also Fig. 6͑d͔͒ . With its Ca 1/3 scaling, ͑47͒ is reminiscent of Tanner's law relating the apparent contact angle to the speed of an advancing contact line. 1, 37 The value of the factor A depends on the experimental configuration, i.e., whether the line yϭ0 is a line of symmetry or a rigid boundary ͑Fig. 9͒; in the latter case the parameter A contains the usual factor of 4 that arises in lubrication theory when the pressure-gradient-driven flux between a no-slip and a stress-free boundary is compared with the flux between two no-slip boundaries. By computing a quasistatic wall shape in region I, assuming hϭ0 and h x ϭϪ at the bubble tip, a leading-order prediction for p b follows immediately from ͑47͒. ӶCaӶ. This pressure is relatively insensitive to H* and surface tension ␥*, although ␥* contributes at leading order to the yield pressure for steady bubble propagation, which scales like ␥*/D*; 17 ␥* also contributes to corrections to ͑48͒ such as those given in ͑46͒, which can be significant for practical parameter values. As demonstrated in Fig. 11 approaches it, and then sustained compression of magnitude p b * once the bubble has passed. Airways are therefore potentially subject to harmful overinflation if p b * is too large, and to possibly even more severe damage due to transient but very low extensional normal stresses. Tracheal epithelial cells are known to exhibit a biological response to sustained compressive stresses; 38 it is not clear how epithelial cells respond either to suction or to very abrupt pressure changes. It is obviously also important to establish to what extent these planar results apply to the significantly more complex three-dimensional geometry of a collapsed, buckled, lung airway. Fully three-dimensional models of this problem are at an early but promising stage. 39, 40 The asymptotic analysis demonstrates clearly how the steady-state bubble pressure is sensitive at leading order to the thickness of the film deposited behind the bubble tip ͓through the parameter ␤; Fig. 6͑c͔͒ . For systems that are not ''clean,'' but for which the surface tension varies due to the presence of surfactants, a thickening of the deposited film ͑the typical effect of surfactants, at least at low capillary numbers 41, 42 ͒ would require the channel to be narrower at the bubble tip, the peeling angle to be smaller ͓Fig. 6͑a͔͒, and the bubble pressure to be lower. A reduction in the mean surface tension at the bubble tip would also be equivalent to reducing the peeling angle and bubble pressure ͓since ␤ falls with Ca; Fig. 6͑d͔͒ . The increased pressure drop across the bubble tip due to the increased viscous stresses associated with an immobilized interface ͓associated with the quantity P; see Fig. 4͑b͔͒ , is a second-order effect in peeling motion according to this analysis. These estimates are consistent with the predictions of a recent numerical study of surfactant effects on airway reopening under bulk equilibrium conditions. 43 However, due to the great range of physical and chemical properties of surfactants, large regions of parameter space await investigation. where ⌫ is now defined with respect to the total channel width ahead of the bubble. The leading-order problem ͑C1͒
is then exactly ͑22͒, with ␦ replaced by ␦ and X by X .
Since region I is quasistatic, this change has no leadingorder effect, and the peeling angle is still given by ͑19b͒, although the dimensionless film thickness has value 1 2 along the membrane.
In region II ͑assuming the bubble advances so that films of equal thickness are deposited on each wall͒, we again follow the procedure described in Sec. III E, but now variables are scaled slightly differently. We first set Pϭ␦ P b ϩ(⑀ /4) P , recovering ͑24a͒ ͑24b͒, ͑25͒, and ͑26a͒, with ⑀ replaced by ⑀. We then introduce new coordinates (x ,ỹ ), with ͑0,0͒ located at the bubble tip and the x axis aligned with the line of symmetry between yϭ0 and yϭh b Ϫ⑀ x; the x axis therefore makes an angle
